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Abstract

Empirical modeling methods that combine inputs by linear projection include linear methods such as,
ordinary least-squares regression, partial least-squares regression, principal components regression, and non-
linear methods such as, backpropagation networks with a single hidden layer, projection pursuit regression,
nonlinear partial least-squares regression, and nonlinear principal components regression. In this paper, these
popular modeling techniques are unified to yield a single method called nonlinear continuum regression
(NLCR). This unification is based on the insight provided by a common framework for empirical modeling
methods, and is achieved by using activation functions that adapt to the measured data, a common optimiza-
tion criterion for finding the projection directions, and a hierarchical training methodology that allows efficient
modeling. The adaptive-shape activation functions are determined by univariate smoothing in the space of the
projected input versus output. The NLCR optimization criterion contains an adjustable parameter that
controls the degree of overfitting or bias of the model, and spans the continuum of methods from projection
pursuit regression or backpropagation networks to nonlinear principal components regression. Consequently,
NLCR results in models that are usually more general and compact than those obtained by existing methods
based on linear projection, while eliminating the need for arbitrary selection of an empirical modeling method
based on linear projection for a given task. The improved modeling ability of NLCR and its performance on
different types of training data are illustrated by examples based on simulated and industrial data. & 1998
Published by Elsevier Science Ltd. All rights reserved.
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and several other engineering (Kosko, 1992; Haykin,
1994), and chemometric (Martens and Naes, 1989)
tasks. All methods based on linear projection relate
inputs to outputs as

1. Introduction

Some of the most popular empirical modeling
methods developed in the fields of artificial neural
networks, chemometrics, and statistics, transform the
inputs by projecting them on a linear hyperplane

before operation of the basis function. These methods
based on linear projection combine the inputs as
a linear weighted sum, and include linear methods
such as, ordinary least-squares regression (OLS), par-
tial least-squares regression (PLS), principal compo-
nents regression (PCR) and ridge regression (RR), and
nonlinear methods such as, backpropagation net-
works (BPN) with a single hidden layer, projection
pursuit regression (PPR), nonlinear PLS, and nonlin-
ear PCR. These methods have been used for develop-
ing empirical models for a large variety of process
operation and control tasks (Kresta et al., 1991; Ven-
katasubramanian et al., 1990; Qin and McAvoy, 1992)
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where x; (j=1,...,J) are the input or predictor
variables, x;, are the projection directions,
0, (m=1,..., M) are the activation or basis func-

tions, f.. are the regression coefficients, and 3,
(k=1,...,K) are the approximated outputs or re-
sponse variables. The broad diversity in methods
based on linear projection arises from the different
types of basis functions and optimization criteria used
to determine the model parameters. These decisions
about the type of basis functions and optimization
criteria determine the performance of each method for
different empirical modeling problems. For example,
restricting the basis functions to be linear as in OLS,
PLS and PCR results in linear models with efficient
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training and easier physical interpretation. Further-
more, methods such as, OLS, BPN and PPR per-
form best when large quantities of training data are
available, whereas PLS, NLPLS, PCR and NLPCR
perform well when the ratio of training data to inputs
is small and when the inputs are related. Unification
of methods based on linear projection can result in
hybrid techniques that combine the properties of
existing methods, and perform well for various types
of input-output relationships, amounts of training
data, and nature of correlation between the inputs,
while eliminating arbitrary selection of a modeling
method for a given task.

Unification of linear modeling methods has been
studied by several researchers. The optimization cri-
teria for OLS, PLS and PCR differ in their emphasis
on capturing the relationship between the inputs,
which increases from OLS to PLS to PCR. Based on
this insight, Stone and Brooks (1990) have unified
these linear modeling methods by developing a com-
mon objective function that can specialize to OLS,
PLS, or PCR by selecting the appropriate value of an
adjustable parameter. Since this new adjustable para-
meter can take any value on the continuum between
OLS and PCR, this unified method is called con-
tinuum regression (CR). Similar techniques have also
been developed by Lorber ez al. (1987) while providing
a theoretical framework for PLS. The CR adjustable
parameter complements the effect of the number of
basis functions on the degree of overfitting or bias of
the empirical model, and provides additional control
over the quality of the empirical model. The technique
of CR has been extended to include ridge regression
(Sundberg, 1993; deJong and Farebrother, 1994), and
its performance for dynamic modeling has been
studied by Wise and Ricker (1993).

Research on the unification of nonlinear modeling
methods based on linear projection is quite limited.
A commonly suggested approach for combining the
features of neural and statistical methods is to deter-
mine the initial values of the BPN input edge weights
as PCA or PLS projection directions, and adapting the
basis function parameters and edge weights to minim-
ize the output prediction error (Piovoso and Owens,
1986; Martin et al., 1995). This approach aims to com-
bine the ability of PCA and PLS to provide better
models with limited data, with the universal approxi-
mation property of BPN. Various NLPLS approaches
that combine PLS with BPN, spline, or statistical
smoothers have also been developed (Holcomb and
Morari, 1992; Wold, 1992; Frank, 1990). A CR-type
common objective function to combine the benefits of
PLS modeling with PPR is described by Haario and
Taavitsainen (1994), but their approach does not em-
phasize the unification of methods based on linear
projection, the basis functions are only of fixed shape,
and BPN are not a part of the approach. Reviews on
nonlinear empirical modeling methods (Barron and
Barron, 1988; Sjoberg et al., 1995; Frank, 1995) also do
not attempt to combine the features of various methods.
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This paper presents a new empirical modeling tech-
nique that unifies all linear and nonlinear methods
based on linear projection. This unification is based on
the insight provided by a common framework for all
empirical modeling methods (Bakshi and Utojo, 1998).
This framework shows that empirical modeling
methods differ from each other depending on decisions
about only three aspects of the model namely, nature of
the input transformation, type of activation functions,
and optimization criterion for determining the model
parameters. This framework indicates that unification
of methods that combine inputs by linear projection
requires a general method for determining activation
functions of any shape, a common objective function
that can specialize to existing methods based on linear
projection, and an efficient training methodology. The
resulting method unifies OLS, PLS, PCR, BPN with
one hidden layer, PPR, NLPLS, and NLPCR. This
method extends the principles of CR to nonlinear
modeling, and is named nonlinear continuum regres-
sion (NLCR). Activation functions of any shape in the
projected input-output space are determined by
univariate smoothing techniques such as, variable span
smoothers, splines, Hermite polynomials, and back-
propagation networks. The common objective function
for determining the projection directions is similar to
CR, and subsumes all methods based on linear projec-
tion by adjusting the value of a single parameter. Fi-
nally, the training methodology includes the adaptive
basis functions and general optimization criterion to
extract the empirical model in an efficient hierarchical
manner, and specializes to popular algorithms for exist-
ing methods based on linear projection. The optimum
values of the objective function parameter and number
of basis functions are determined via crossvalidation.

Since NLCR subsumes all methods based on linear
projection, the resulting models are at least as good, if
not better, than those obtained by existing methods
based on linear projection. Selecting a value of the
objective function parameter equal to zero results in
PPR, BPN or OLS depending on whether the basis
functions are of adaptive shape, sigmoid, or linear,
respectively. A value of 0.5 for the objective function
parameter results in PLS or NLPLS, and a value of
1 provides PCR or NLPCR. The NLCR training
methodology adjusts this parameter to straddle the
continuum between PPR or BPN and NLPCR, re-
sulting in models that are more general, and more
compact than those developed by existing methods
based on linear projection. This adjustable parameter
controls the degree of overfitting or model generality
by affecting the bias-variance trade-off to minimize
the error of approximation between the empirical and
actual model. The ability of basis functions to adapt
to the training data further enhances the compactness
and physical interpretability of the NLCR model.
This paper develops NLCR for modeling with mul-
tiple inputs and a single output.

The rest of this paper is organized as follows.
The common framework for neural and statistical
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methods, and the challenges for unifying existing
methods are introduced in Section 2. Univariate
smoothing techniques for determining activation
functions of any shape are described and illustrated in
Section 3. The objective functions for determining the
projection directions in existing linear and nonlinear
methods based on linear projection, and development
of the NLCR common objective function that sub-
sumes all methods are discussed in Section 4. A com-
mon hierarchical training methodology for NLCR is
developed in Section 5. For specific values of the
objective function adjustable parameter, y, this
method specializes to existing algorithms such as, the
NIPALS algorithm for PCR and PLS, and the PPR
algorithm. Heuristic strategies for avoiding local min-
ima and for efficient selection of the optimum value of
7 are also discussed. Examples based on synthetic data
and from an industrial polymerization reactor are
used to illustrate the properties of NLCR in Section 6.
Finally, conclusions and directions for future work
are discussed in Section 7.

2. A common comparison framework for empirical
modeling methods

The model determined by all empirical modeling
methods may be represented as a weighted sum of
basis functions as

M
ﬁk = Z ﬂmkem(¢m(a; X1y X2y 0ny xJ))’ (2)
m=1

where « is the matrix of basis function parameters,
and ¢, represents the input transformation. The
transformed inputs are also referred to as latent vari-
ables represented as

Zm = Pl X1, X2, ..o, Xg)

The terms input and output space refer to the
respective spaces in which the input and output vari-
ables lie, while the term, transformed input-output
space refers to the space of the latent variables and the
output. The model given by equation (2) may also
be represented as an artificial neural network where «
are the edge weights of the input and hidden layers,
p are the edge weights of the output layer, and ¢ and
0 are the basis functions. Specific empirical modeling
methods may be derived from equation (2) depending
on decisions about the nature of input transformation,
type of activation or basis functions, and optimization
criteria. These decisions form the basis of the common
framework for comparing all empirical modeling
methods (Bakshi and Utojo, 1998), and are introduced
briefly in the rest of this section. Equation (2) repres-
ents a model between multiple inputs and a single or
multiple outputs. If separate models are developed for
each output, the basis functions and projection direc-
tions may be different for each output. Otherwise, the
basis functions and projection directions may be the
same for each output. This paper focuses on modeling
of multi-input-single-output systems.
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2.1. Nature of input transformation

The complexity of the modeling task, and the
quantity of training data required for an acceptable
model quality increase significantly with the number
of input variables. Empirical modeling techniques
fight this “curse of dimensionality” by transforming
the inputs to latent variables that capture the input—
output relationship with less latent variables than the
number of inputs. Such dimensionality reduction is
usually accomplished by exploiting the relationship
among inputs, or distribution of training data in the
input space, or relevance of input variables for predic-
ting the output. Thus, empirical modeling methods
may be divided into three categories depending on the
nature of input transformation. Methods based on
linear projection exploit the linear relationship among
inputs by projecting them on a linear hyperplane
before applying the basis function. This class of
methods is unified by the nonlinear continuum regres-
sion approach presented in this paper. Methods based
on nonlinear projection exploit the nonlinear relation-
ship between the inputs by projecting them on a non-
linear hypersurface resulting in latent variables that
are nonlinear functions of the inputs. If the inputs are
projected on a localized hypersurface such as a hyper-
sphere or hyperellipse, then the basis functions are
local. Otherwise, the basis functions are non-local in
nature. Partition-based methods fight the curse of di-
mensionality by selecting input variables that are
most relevant to efficient empirical modeling. The
input space is partitioned by hyperplanes that are
perpendicular to at least one of the input axes.

2.2. Tvpe of activation functions

The wide variety of activation functions used in
empirical modeling methods may be broadly divided
into two categories depending on whether their shape
is fixed or adaptive. The activation function, 0(z),
relates the transformed input, z, to the output, and is
two-dimensional in nature. The shape of the activa-
tion function and type of the input transformation
determine the nature of the basis function, 0(«;x),
which relates the inputs to the output. The three-
dimensional basis function, and its corresponding ac-
tivation function are shown in Fig. 1. For this
example, the inputs are transformed by linear projec-
tion. Fixed-shape activation functions such as, linear,
sigmoid, Gaussian, wavelet, or sinusoid are com-
monly used in several modeling methods. Adjusting
the basis function parameters changes their location,
size, and orientation, but their shape is decided
a priori, and remains fixed. Some empirical modeling
methods relax the fixed-shape requirement and allow
the basis functions to adapt their shape, in addition to
their location, size, and orientation, to the training
and testing data. This additional degree of freedom
provides greater flexibility in determining the un-
known input-output surface, and often results in
more compact models. Adaptive-shape basis functions
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Fig. 1. Relationship between basis function and activation
function. (a) Basis function relates all the inputs to the
output. (b) Activation function corresponding to the basis
function in (a), relates the transformed inputs to the output.

are obtained through the application of smoothing
techniques such as, splines, variable span smoothers,
and polynomials to approximate the transformed
input—output space.

2.3. Optimization criteria

The input transformation is determined by the
function, ¢, and parameters, x, whereas the model
relating the transformed inputs to the output is deter-
mined by the parameters, §, and basis functions, .
Empirical modeling methods often use different objec-
tive functions for estimating the parameters that
determine the input transformation, and those deter-
mining the relationship between the transformed in-
put and output. This separation of the empirical
modeling optimization criteria permits explicit con-
trol over the dimensionality reduction by input trans-
formation, and may result in more accurate empirical
models as demonstrated in Section 6. Empirical
modeling methods may be divided into two categories
depending on whether the optimization criterion for
the input transformation contains information from
only the inputs, as in maximizing the variance of the
measured data captured by the transformed inputs by
PCA, or both inputs and outputs, as in maximizing
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the covariance between the transformed inputs and
outputs by PLS. The optimization criterion for deter-
mining the output parameters and activation func-
tions is to minimize the output prediction error, and is
common to all empirical modeling methods.

The nature of the input transformation, type of
basis functions, and optimization criteria discussed in
this section provide a common framework for com-
paring the wide variety of techniques for input trans-
formation and input-output modeling, as depicted in
Table 1. This comparison framework is useful for
understanding the similarities and differences between
various methods, and may be used for selecting the
best method for a given task, and to identify the
challenges for combining the properties of various
techniques. Thus, unification of methods based on
linear projection requires techniques for determining
activation functions that can specialize to any fixed or
adaptive shape, and a common optimization criterion
for determining the input transformation parameters
that can specialize to various existing methods de-
pending on the nature of the modeling problem. Fi-
nally, an efficient training methodology that uses the
general activation functions and optimization
criterion is essential. The remainder of this paper
describes techniques for meeting these challenges
leading to the unification of empirical modeling
methods based on linear projection. This class of
methods is given by equation (1), and the latent vari-
able is a weighted sum of the input variables.

3. Techniques for determining adaptive activation
functions

Unification of the variety of basis functions used in
methods based on linear projection requires a general
activation function that can assume any linear or
nonlinear shape depending on the nature of the train-
ing data. Such activation functions may be obtained
by using univariate smoothing techniques for ap-
proximating the training data in the projected input—
output space. A variety of techniques are available for
determining the general activation functions includ-
ing, variable span smoothers (Friedman, 1984), Her-
mite functions (Hwang et al, 1994), automatic
smoothing splines (Roosen and Hastie, 1994), and
backpropagation networks. Any technique for deter-
mining general activation functions needs to possess
the following characteristics:

® ability to smooth arbitrarily spaced data containing
different amounts and types of noise and curvature,

® fast implementation with minimum storage require-
ments,

® casy computation of the activation function values
for testing data and its derivatives.

The smoothing problem is inherently ill-posed, and
all techniques need to determine the appropriate de-
gree of smoothness that provides the best fit. The
characteristics of various techniques for determining
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Table 1. Comparison matrix for empirical modeling methods (Bakshi and Utojo, 1998)

Method Input transformation Basis function Optimization criteria
OLS Linear projection Fixed shape, linear o — Max. squared correlation between
projected inputs and output
f — Min. output prediction error
PLS Linear projection Fixed shape, linear o — max. covariance between projected
inputs and output
f — Min. output prediction error
PCR Linear projection Fixed shape. linear 2 -— Max. variance of projected inputs
J — Min. output prediction error
BPN single Linear projection Fixed shape, sigmoid [a, #] — Min. output prediction error
PPR Linear projection Adaptive shape, [, B. ] — Min. output prediction error
supersmoother
BPN mult. Nonlinear projection, Fixed shape, sigmoid [2, f1 — Min. output prediction error
nonlocal
NLPCA Nonlinear projection, Adaptive shape [a, ¢] — Min. input prediction error
nonlocal
RBFN Nonlinear projection, Fixed shape. radial o, t] — Min. distance between inputs and
local cluster center
ff — Min. output prediction error
CART Input partition Adaptive shape, [A, t] — Min. output prediction error
piecewise constant
MARS Input partition Adaptive shape, spline {B. t] — Min. output prediction error

the general activation functions and their use in
empirical modeling are discussed in the rest of this
section.

Variable span smoothers. A simple smoothing tech-
nique is to fit a line to data in a window of a selected
length or span. If the curvature and noise in the data
change over time, it is essential to vary the span of the
window to vary the degree of smoothing in an opti-
mum manner. The supersmoother (Friedman, 1984) is
such a nonparametric variable span smoother. The
data, {(zy, ¥, ), (3, ¥2), ... . (z;. ¥) }, in a selected win-
dow of length L are approximated by a least-squares
fit of a straight line given by

()(z,-)=b+az,-~2—L<i<§, (3)

where, z; are the values of the linearly projected in-
puts. The parameters, a and b in equation (3) are
computed for different values of the span, and the
best span for each data point is selected via cross-
validation. Friedman (1984) suggests span values of
L = 0.05], 0.2I, and 0.51 corresponding to high, me-
dium, and low frequency, respectively. The smooth-
ness of the curve obtained by the crossvalidated span
may be further improved by smoothing once again to
enhance lower frequencies specified by a user-defined
tone control parameter. Additional details of this
algorithm are described by Friedman (1984).

The supersmoother adapts well to all types of
smoothness and noise, and is a fast algorithm due to
the simple calculations. Unfortunately, the activation
function is defined only at the values of the training

data. Consequently, determining the activation func-
tion values at points other than the training data
requires interpolation or extrapolation based on as-
sumptions of the smoothness between the adjacent
training data. This necessitates storage of the activa-
tion function values at all the training data, resulting
in increased storage requirements. Furthermore,
other properties of the activation functions such as, its
derivatives, must be estimated by direct numerical
differentiation, which may degrade the performance
of the supersmoother activation functions for the
previously unseen data.

Hermite polynomials. For the given data, (z;, y)),
the smoothed function may be obtained by fitting
Hermite functions of order Q as,

Q
(}(Z,')Z Z ('qhq(zl')ﬁ (4)

g=1

where ¢, are the regression coefficients and h,(z) are
the orthonormal Hermite functions expressed as

hy(z) = (")~ 122 *27 @7 D2H () (2)

with H,(z) and y(z) being the orthogonal Hermite
polynomials and the Gaussian function, respectively.
The Hermite polynomials, H,(z), can be constructed
in a recursive manner as
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The regression coefficients, ¢,, in equation (4) are
computed by the pseudo-inverse to minimize the
least-squares error of approximation.

Using Hermite functions for univariate smoothing
overcomes some of the drawbacks of the super-
smoother (Hwang et al., 1994). Since Hermite func-
tions may be computed analytically and recursively,
neither storage of the smoothed function nor piece-
wise interpolation are required for prediction with
testing data. Other properties such as the derivative
may be easily computed analytically, instead of nu-
merically as in the supersmoother. The order or num-
ber of Hermite functions used in the smoothing may
be determined by crossvalidation or may be specified
by the user.

Smoothing Splines. A smoothing spline is fit to min-
imize the penalized least-squares criterion given by

I
Y oy — 0z} + A 1070} dr, (5)
i=1

where, the second term in equation (5) is the rough-
ness penalty which penalizes for large curvature via
the parameter 1. The value of 4 controls the smooth-
ness of the function, with a larger value of 2 resulting
in a smoother fit. The value of the smoothing para-
meter may be chosen automatically by generalized
crossvalidation (Roosen and Hastie, 1994). Ap-
proaches for overcoming the tendency of this criterion
to undersmooth short trends as high-frequency struc-
ture have also been developed. Automatic smoothing
splines do not require storage of the smoothed func-
tion to compute values for testing data, and the basis
function derivatives may be computed from the spline
functions.

Backpropagation networks. BPN with fixed-shape
basis functions may also be used for determining the
univariate basis functions. The smoothness of the fit is
determined by the number of hidden nodes in the
BPN, which may be selected by crossvalidation with
testing data. Predicting basis function values for test-
ing data requires storage of all the BPN parameters
which may be less compact than Hermite polynomials
or cubic splines for some basis function shapes. BPNs
may also not provide the best approximation of the
data in case of convergence to local minima.

Hlustrative example. The performance of the
smoothing techniques for determining the activation
functions is illustrated by considering the following
function,

y = sin((2n(l — z)?) + z&, 6)

where ¢ is independent and identically distributed
Gaussian noise with zero mean and unit variance. The
curvature of equation (6) decreases and the variance of
the random component increases with increasing
abscissa value. This function was used by Friedman
(1984) to illustrate the behavior of the supersmoother.
The data consist of 200 pairs (z,y) with z drawn
randomly from a uniform distribution in [0, 1], and
y given by equation (6).
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Performance of the supersmoother for three values
of the tone control parameter, 0, 5, and 10, is shown in
Fig. 2a. Increasing the value of the tone control para-
meter results in a smoother curve. A tone control
parameter value of 5 is recommended as a reasonable
choice for damping out some of the high frequency
variation (Friedman, 1984). The resulting smooth
curve captures the curvature and variation of the data
reasonably well. The performance of Hermite poly-
nomials of different orders is shown in Fig. 2b. Com-
paring the result of all methods in Fig. 2c illustrates
that for the proper degree of smoothness, the perfor-
mance of each smoothing techniques is quite similar
since each method can capture the curvature and
variation in the data, and produce reasonably smooth
curves. More exhaustive comparison of the super-
smoother with Hermite polynomials is presented by
Hwang et al. (1993) and of the supersmoother with
automatic spline smoothers by Roosen and Hastie
(1994). The examples solved in Section 6 are based on
the supersmoother.

4. General optimization criterion for projection
directions

Methods based on linear projection differ in the
optimization criterion used for determining the pro-
jection directions, as shown in Table 1. Consequently,
their unification requires a general optimization cri-
terion that consists of information from both the
inputs and output, and can specialize to the criterion
used by existing methods based on linear projection.
Such a general optimization criterion for multi-input,
single-output modeling by the linear methods of OLS,
PLS and PCR has been proposed by Stone and
Brooks (1990) as

max ][corr?(y, Xa,,)] [var(Xa,,)]*}, (7

L

where, y is the vector of output measurements. The
objective function given by equation (7) specializes to
OLS, PLS, and PCR for y equal to 0, 1, and oc,
respectively. Other values of » between 0 and oo re-
sult in methods that lie on the continuum between
OLS and PCR. The optimum value of y and the
number of basis functions in the model determine
model generality, and are obtained via crossvalida-
tion. The CR model is at least as accurate and com-
pact as that obtained by OLS, PLS or PCR (Stone
and Brooks, 1990; Wise and Ricker, 1993).
Unification of linear and nonlinear methods based
on linear projection requires a common objective
function that also includes nonlinear methods in the
CR optimization criterion given by equation (7). This
criterion cannot be applied directly to nonlinear
empirical modeling methods based on linear pro-
jection, since the nonlinearity of the basis functions
is not included in equation (7). The nonlinearity of
basis functions does not change the optimization cri-
terion used by PCR and NLPCR for determining the
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Fig. 2. Performance of techniques for determining adaptive basis functions. (a) Supersmoother for different values of tone
control parameter. (b} Hermite polynomials of different orders. (c) Relative performance of each technique is quite similar.
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projection directions, since both methods focus on
transforming only the input space by maximizing the
variance captured by the projected inputs as,

max {var(Xa,,)}. (3)

Zm

At the other extreme of the continuum of methods
based on linear projection, are the techniques of OLS,
PPR and BPN, since their optimization criterion fo-
cuses entirely on minimizing the output prediction
error. This optimization criterion is equivalent to
maximizing the square of the correlation between the
actual and approximated outputs as stated by the
following theorem:

Theorem. The projection directions, ,,, of the m-th
basis function that minimize the output mean-squares
error of approximation,
1 I
max — }_‘ (yi — ﬁi)z )
m I,‘::l
are identical to the projection directions that maximize
the square of the correlation between the output data
points, and output of the m-th basis function,

max {corr?(y, 0,,(Xa,,))}, (10)

where, §; is given by equation (1).

This theorem is proved in the appendix by showing
that equating the partial derivatives of equations (9)
and (10) with respect to each projection direction
results in identical equations for determining the opti-
mum projection directions. Consequently, the optim-
ization criterion for PPR and BPN may be written as
equation (10). Furthermore, the optimization criteria
given by equations (8) and (10) for PPR/BPN and
NLPCR may be combined as

max {corr?(y, 0,,(Xa,,)) var(Xa,,)! (11)

and should result in a method that lies between PPR
and NLPCR. Indeed, equation (11) has been used as
the optimization criterion for NLPLS modeling by
Wold et al. (1989) for quadratic PLS, Wold (1992) for
spline PLS, and Holcomb and Morari (1992) for neu-
ral net/PLS. The NLPLS technique developed by
Frank (1990) and Qin and McAvoy (1992) uses the
linear PLS optimization criterion due to its computa-
tional ease for determining the optimum projection
directions, and based on the assumption that the
nonlinear activation functions do not have a signifi-
cant effect on the optimum projection directions for
NLPLS modeling.

Equations (8), (10) and (11) may be combined to
obtain a general optimization criterion that subsumes
all methods based on linear projection as

max {[corr®(y, 0,,(Xa,, )] [var(Xa,,) "}, (12)
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where values of y equal to 0, 1, and oo result in BPN,
PPR or OLS; NLPLS or PLS; and NLPCR or PCR,
respectively. The exponents in equation (12) may be
modified to,

“113’({[00”2(% Om(Xo, )1 7727 [var (Xet,,) ] 737727 ),
(13)

This objective function reduces to existing methods
for y =0, 0.5, and 1, respectively, as summarized in
Table 2. The remaining adjustable parameters in the
empirical model, namely the regression coefficients,
B and basis functions, 8, are determined by minimiz-
ing the mean-squares error of approximation,

1 1

min = ¥ (v, — )%

Bl 1 =1 (14)

Equations (13) and (14) constitute the general
objective function that unifies all methods based on
linear projection.

The effect of the adjustable parameter, 7 on the
generality of the empirical model may be understood
in terms of the bias-variance trade-off. The behavior
of the bias and variance with changing values of y is
illustrated in Fig. 3. As y increases from 0 to 1, the
model bias increases, while the variance decreases,
causing the mean-squares error of approximation to
go through a minimum. The NLCR training meth-
odology aims to find this value of y that optimizes
the bias-variance trade-off as described in the next
section.

S. Common hierarchical training methodology

The final challenge for the unification of empirical
modeling methods based on linear projection is the
development of a common training methodology that
uses the general basis functions described in Section 3,
and the common optimization criterion described in
Section 4, to determine the empirical model in an
efficient manner. Training methodologies for empiri-
cal model building belong to two main categories
depending on how the model parameters are esti-
mated.

® The simultaneous modeling approach determines all
the model parameters together for the entire model.
Examples of this approach include eigen value

Table 2. Specialization of NLCR optimization criterion for
projection directions to existing methods based on linear
projection

3 Linear basis Nonlinear basis

functions functions
0 OLS PPR/BPN
172 PLS NLPLS
1 PCR NLPCR
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Fig. 3. Variation of model bias, variance, and mean-squares error with changing 7.

decomposition for computing the projection direc-
tions in PCR and PLS, and the error back-
propagation algorithm for BPN (Rumelhart and
McCleland, 1986).

® The hierarchical modeling approach determines
model parameters for one basis function at a time,
by approximating the residual of previously added
basis functions. Examples of this approach include
the nonlinear iterative partial least squares
(NIPALS) algorithm (Martens and Naes, 1989) for
PCR and PLS, cascade correlation for BPN (Fahl-
man and Lebiere, 1990), and the PPR algorithm
(Friedman and Stuetzie, 1984).

Hierarchical modeling methods are usually more
efficient than their simultaneous modeling counter-
parts since an existing model may be easily adapted
by adding new nodes to capture the residual error of
approximation as necessary. Such a hierarchical
training method for NLCR is developed in this
section.

The steps comprising the hierarchical NLCR train-
ing methodology, are shown in Table 3, depicted in
Fig. 4, and described in the rest of this section. Models
are developed for different values of the objective
function parameter, y, which is specified in Step (1).
Before starting the modeling, the output residual, r, is
initialized as being equal to the output, y, and the
input residual, E, is initialized as equal to the input, X,
as shown in Step (2). Initial values are assumed for the
projection directions, o, and regression coefficients, /3,
for all the basis functions, and the basis function itself

is determined as the ratio of the output residual to
corresponding regression coefficient. Steps (3)-(12)
constitute the hierarchical node-by-node training
method that approximates the output residual, r,,
and if specified, the input residual, E,,. The projection
directions are computed in Step (5) by optimizing the
general objective function for the selected value of y,
for the basis function and regression coeflicient deter-
mined in the previous iteration. The optimum univari-
ate basis function relating the latent variables, z,, to
the output residual, r,,, is determined in Step (7) by the
selected smoothing technique to minimize the output
mean-squares error of approximation. The regression
coefficient or output weight, f,, is computed in Step
(8) as the product of the pseudo-inverse of z,, and r,,,
to minimize the output residual mean-squares error.
Steps (5)18) are repeated until convergence, to yield
the parameters for the new node added to the model.
The model prediction is updated in Step (10) by
adding the contribution of the newly trained node.
The output residual is updated in Step (11) by sub-
tracting the prediction of the new node to obtain the
residual to be approximated by the next node. If
orthonormal projection directions are desired, as in
PCR and PLS, then the input residual also needs to be
updated as shown in Step (12a), otherwise, the input
residual is left unchanged as shown in Step (12b). In
general, more accurate models are obtained if the
projection directions are not required to be orthonor-
mal. If orthonormal projection directions or latent
variables are not required and the model consists of
more than one node, then the mode! parameters may
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Table 3. Training methodology for nonlinear continuum regression

# Description
1 specify 7 Fory=0to |,
2 Initialize Initial guess for 2, f§
1=y E =X 8, =r/f
3 Begin loop Form=1toM
4 Start optimization Until convergence, ) )
5 Optimize projection % = max {[corr(r,,, O, (B2, )] "7 27 [var(Ea,,) 13 27
Direction Honll =1
6 Latent variable z,, = E %,
1
7 Activation function On(z,n) = — smooth(z,, r,,)
Zi rmom(zm)
8 Regression coefficient e = [On(Zn) 0(20) ]~ 10,2 )T, = [———-—
y ¢ Y Ol
9 End optimization end

10 Model update Yms1=Ym + BunOn(Zs)

11 Output residual update Tt =Ty — BuOn(Zy)

12a Input update E,.1 =E, —z,}, or

12b E.. =E,

13 Backfitting if m > 1, backfit previously added nodes
14 Termination if E[(y — $m+1)%] <&, exit

15 End m loop End

16 End y loop end

be adjusted to improve the contribution of each basis
function in the model by backfitting or backward
pruning.

Steps (1){12) in Table 3 introduce basis functions
to minimize the residual output error without ac-
counting for the nature of previously added basis
functions. This “greedy” approach to empirical
modeling and the nonorthogonal nature of the basis
functions may not result in the best utilization of the
approximation ability of all the basis functions to-
gether. Consequently, to obtain the most compact
model with the best approximation ability, the para-
meters of previously added nodes should be adjusted
while considering the contribution of the newly added
nodes. Backfitting and backward pruning are two
approaches for improving the contribution of each
node.

® In backfitting, the parameters and basis functions of
each previously added node are fine-tuned to cap-
ture the residual objective function not captured by
any other node, while keeping all other nodes un-
changed. This procedure is repeated for every new
node after the first one, until the objective function
captured by each node cannot be improved any
further. The stopping criterion for adding new
nodes in the model may be determined by crossvali-
dation with testing data. A commonly used heuris-
tic is to stop adding new nodes when the prediction
error for testing data increases for two consecutive
nodes. The number of nodes that resulted in the
smallest error for testing data are included in the

final model (Friedman, 1985; Roosen and Hastie,
1994). Unfortunately, due to the nonlinear nature
of the model, the result of this forward growing
approach may represent a local minimum.

® The alternate approach of modeling by backward
pruning is claimed to be better at avoiding local
minima (Friedman, 1985). This approach consists
of first developing a model with more nodes than
necessary without any backfitting. Then, the least
significant nodes are eliminated, and the para-
meters of the remaining nodes are backfitted in the
order of their importance. The significance of each
node is determined by the magnitude of its regres-
sion coefficient, f,. Based on empirical studies on
PPR, Hwang et al. (1994) and Roosen and Hastie
(1994) suggest developing a model with two
more nodes than necessary followed by backward
pruning.

Improved modeling by NLCR is due to the pres-
ence of the new adjustable parameter, y. Conse-
quently, efficient techniques for finding the best value
of y are essential for the application of NLCR
modeling to practical problems. This value of y may
be found by determining several models for different
values of y between 0 and 1, and selecting the value of
y and number of basis functions that result in the
smallest error of approximation for testing data. Un-
fortunately, the nonlinear nature of the model can
make this approach computationally expensive as the
number of training data, dimension of the input space,
and number of basis functions increase. Furthermore,
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Fig. 4. Hierarchical traning methodology for NLCR. Parameters corresponding to dark edges and nodes are optimized.

the nonlinear error surface may necessitate trial and
error with several different initial values of the para-
meters to avoid local minima. These practical and
computational issues may be addressed by exploiting
the following properties of NLCR models.

® Unique values of the projection directions for y = 1
may be determined by maximizing the variance
captured by the projected inputs. If orthogonal
projection directions are not required, then the pro-
Jection directions for all nodes will be equal to the
first principal component of the input data matrix.

® Decreasing the value of y causes the projection
directions to gradually rotate away from those cap-

turing the relationship between the inputs to those
minimizing the output prediction error.

Thus, the NLCR model may be first determined for
¥ =1, and the resulting parameters used as initial
values of the parameters for modeling at smaller
values of y. This approach provides reproducible
results and decreases the computation time for NLCR
modeling.

The NLCR training methodology may be special-
ized to hierarchical algorithms for existing methods
based on linear projection. For example, the NIPALS
algorithm for PLS may be obtained by restricting the
basis functions to be linear, selecting y = 0.5, and
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Table 4 Projection directions, regression coefficients, and mean-squares error for training and testing data for first node.
Number of training data is 5, number of testing data is 95, g3 = g, = 1

7 oy oz ®31 %yy B MSE train MSE test
1.0 0.6845 — 0.6870 0.0866 —0.2280 0.8517 7.455¢e-02 6.147¢-01
0.95 0.6891 —0.6937 0.0795 —0.1939 0.8562 6.701e-02 5.551e-01
0.9 0.6907 — 0.6981 0.0826 — 0.1696 0.8589 6.237e-02 5.364¢-01
0.85 0.6909 — 0.7014 0.0895 — 0.1506 0.8609 5.887¢-02 5.318e-01
0.8 0.6905 - 0.7039 0.0979 —0.1348 0.8626 5.591e-02 5.362¢-01
0.75 0.6897 —0.7058 0.1069 —0.1212 0.8641 5.333e-02 5.462¢-01
0.7 0.6886 - 0.7074 0.1163 —0.1092 0.8654 5.099e-02 5.618¢-01
0.65 0.6873 — 0.7085 0.1259 — 0.0985 0.8667 4.883e-02 5.822e-01
0.6 0.6857 —0.7096 0.1360 — 0.0882 0.8679 4.670e-02 6.078e-01
0.55 0.6839 - 0.7104 0.1466 —0.0784 0.8691 4.463e-02 6.398e-01
0.5 0.6817 —0.7111 0.1580 — 0.0689 0.8703 4.252¢-02 6.806e-01
0.45 0.6793 —0.7113 0.1706 — 0.0591 0.8716 4.032e-02 7.295¢-01
0.4 0.6762 — 07115 0.1848 — 0.0489 0.8730 3.795e-02 7.916e-01
0.35 0.6725 - 0.7112 0.2014 — 0.0380 0.8745 3.531e-02 8.796e-01
0.3 0.6675 — 0.7105 0.2215 —0.0259 0.8762 3.228e-02 1.000e + 00
0.25 0.6607 — 0.7088 0.2469 —0.0121 0.8783 2.866e-0 2 1.196e + 00
0.2 0.6508 —0.7055 0.2804 0.0043 0.8808 2.417e-02 1.585¢ + 00
0.15 0.6355 —0.6990 0.3272 0.0243 0.8841 1.842e-02 2.510e + 00
0.1 0.6100 —0.6858 0.3941 0.0488 0.8882 1.114e-02 5.701e + 00
0.05 0.5714 — 0.6636 04771 0.0740 0.8922 4.073e-03 2.526e + 01
0.0 0.5146 —0.6276 0.5759 0.0982 0.8940 7.871e-04 2.134e + 07
determining the input and output residuals after 0.08 ——
training each node. Backfitting is not needed since the ~ ™° %
projection directions are fixed by the orthogonality oo
requirement. Several existing versions of nonlinear 006
PLS such as, quadratic PLS (Wold et al., 1989), super-
smoother PLS (Frank, 1990), or neural network PLS 0.0 code # 1
(Qin and McAvoy, 1992), may be obtained by using .04
the appropriate PLS objective function, and comput-
ing the activation functions using a quadratic model, 00 node #2
supersmoother, or backpropagation networks, re-
. T 0.02
spectively. Specializing the general method to PPR, node # 3
requires determining the projection directions, basis 001}
functions, and regression coefficients by maximizing
the objective function for y = 0, and computing the o 0.8 06 04 02 4 o
output residual only. Restricting the basis functions — mse ' [ Testing data|
for PPR to sigmoids produces a hierarchical algo- 095 f
rithm for BPN that is similar to the cascade correla- 0ol
tion approach (Fahlman and Lebiere, 1990). pode#3 node # 2
085 node # 1
6. Illustrative examples d
0.75
The properties of NLCR are illustrated by the fol- orh
lowing examples based on synthetic and industrial
data. The first example models an inherently three- 08
dimensional surface to permit easy visualization of the 06
model, and gain insight into the effect of the NLCR 055 |
parameter, y. The second example demonstrates the g . .
ability of NLCR to model industrial data. The NLCR it 0.8 06 04 02 0
NLECR NLPLS Y PPR/BPN

training methodology is implemented in Matlab, and
is available from the corresponding author.

Parabola example

This set of illustrative examples models a parabola,
with the variables contaminated by random error,

Fig. 5. Mean-squares error for NLCR modeling of parabola
example with 5 training data, g3 = 04 = 1,
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Fig. 6. Basis functions for parabola example. (a) 5 training data, 0; = g, = 1, 7 = 0.85; (b) 5 training data, o3 = ¢, = 0.1,
7 =.15; (c) 10 training data, 63 = ¢, = 0.1, 7 = 0.1; (d) 50 training data, o3 = 0, = 0.1, y = 0.02; (¢) 189 training data,
03 =0a4 =0.1,7 = 0. Legend — (@) training data; (*) testing data; (W) basis function (training); («) basis function (testing).

and two variables being pure noise,

_Vzti)', X, =1 +0.]Cl, .\:2=I2+0.182,
X3 = G383, Xgq = 0484,

where, ¢;, i = 1, ..., 4, denote independent and identi-
cal Gaussian white noise with unit variance, 5 and

a4 denote the standard deviation of variables x5 and
x4, respectively, and t, and t, are approximately lin-
early related. This model indicates that the underlying
relationship between the two relevant inputs and the
output is a three-dimensional parabola, with an opti-
mum projection direction of [1000] for noise-free
variables. The performance of NLCR is compared for
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Fig. 7. Mean-squares error for NLCR modeling of parabola example with § training data, o3 = 0, = 0.1.

different amounts of training data, and different vari-
ance of the irrelevant variables. For each example, the
same set of testing data are used, consisting of 95 data
points. Such a large amount of testing data are se-
lected to evaluate the ability of each example to cap-
ture the underlying hypersurface. All the inputs are
scaled to bave a zero mean, with x; and x, of unit
standard deviation, and x3, and x4 of standard devi-
ation equal to the selected values of o3 and g4, respec-
tively. For each case study described below, the models
were determined by trial-and-error with random in-
itialization of the model parameters, and by using the
results at adjacent values of y for initialization. Both
approaches yielded similar results. The models in each

case study were developed with seven basis functions.
Since the best model required no more than three
basis functions, the results reported below are for
a maximum of three basis functions.

Case Study 1. Five training data, 65 = o4 = 1. The
projection directions, regression coefficient, and
errors on training and testing data for the first node
are shown in Table 4. As expected, the projection
directions change the orientation of the projection
hyperplane from that maximizing the captured vari-
ance for y = 1, to that minimizing the prediction error
for the training data at y = 0. The mean-squares error
of approximation for training and testing data for
three basis functions are plotted in Fig. 5. The error of
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Fig. 8. Mean-squares error for NLCR modeling of parabola example with 10 training data, o5

approximation for training data decreases with de-
creasing values of y and increasing number of nodes,
but the error of approximation on testing data goes
through a minimum at y = 0.85 with one node. This
optimum NLCR model is significantly better than
that obtained by the existing methods of PPR/BPN at
3 =0, NLPLS at y = 0.5, and NLPCR at y = 1. As
shown in Fig. 5 and the last column of Table 4, the
performance of PPR is several orders of magnitude
worse than that of other methods based on linear
projection. Table 4 also shows that the projection
directions for 7 = 0.85 are closest to the ideal direc-
tions of [1000]. The available training and testing

NLPLS

04 0.2

0
Y PPR/BPN

gy =0.1.

data and the basis function in the first node at
v = 0.85 are depicted in Fig. 6a.

Case Study 2. Five training data, 63 = o4 = 0.1.
Results for NLCR modeling with the same five train-
ing data as in Case Study 1, but after decreasing the
value of o3 and g4 to 0.1 are shown in Fig. 7. The
behavior of the training and testing errors is similar to
that in Fig. S, but the smallest error of approximation
for testing data is obtained for y = 0.15 with one basis
function. The smaller optimum value of y indicates
that due to the diminished contribution of the irrel-
evant variables, capturing the relationship between
the inputs is less important than in Case Study 1. The
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Fig. 9. Mean-squares error for NLCR modeling of parabola example with 50 training data, 65 = o, = 0.1.

training data, testing data, and basis function values
in the projected input—output space are depicted in
Fig. 6b. The optimum projection direction for this
case study is closer to [1000] than that for Case
Study 1, and the basis function in Fig. 6b is closer to
a parabola than that in Fig. 6a.

Case Study 3: Ten training data, o3 = 6, = 0.1. The
errors with 10 data points used for training are shown
in Fig. 8. The smallest error of approximation for
testing data is obtained for y = 0.1 with three nodes.
The basis function and projection directions for the
optimum model are shown in Fig. 6¢c. As the number
of training data increase, the optimum value of 7 tends
towards O indicating a decreasing need for a biased

model, the optimum projection directions are closer
to [1000] than for Case Studies 1 and 2, and the basis
function starts looking more like the underlying
parabola.

Case Study 4: Fifty training data, oy = 04 = 0.1.
The results for modeling with 50 training data are
shown in Figs 9 and 6d. The best model is obtained
for y = 0.02 with two nodes, which is only slightly
better than the model at 7 = 0. The result of this case
study continues the trend towards smaller optimum
7 with increasing amounts of training data. The opti-
mum projection is also much closer to [1000] than
the previous case studies, and the basis function looks
much more like a parabola, as depicted in Fig. 6d.
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Fig. 10. Mean-squares error for polymerization example. Best model is for y=0.1.

Increasing the number of training data to 189 results
in the best model for y = 0, with the basis function
and projection direction closest to the optimum, as
depicted in Fig. 6e.

Industrial polymerization example

This example involves modeling of the relationship
between ten input (predictor) variables and four out-
put (response) variables based on data collected from
the pilot plant of a polymerization process. The avail-
able data consist of 61 observations. Due to the pro-
prietary nature of this example, it is not possible to
provide any more information about the process. In
this paper, an empirical model is found between the

inputs and the first output variable only. This
example has also been used by DeVeaux et al. (1993)
to compare modeling by MARS with that by BPN,
but their results cannot be compared directly with this
case study since this case study is based on using 51
observations for training and 10 for testing, whereas
DeVeaux et al. used a jackknifing procedure for deter-
mining the most general model.

The results of NLCR modeling at different values of
7 are shown in Fig. 10. The smallest error of approxi-
mation on testing data is obtained for y = 0.1 with
one node. This error is almost an order of magnitude
smaller than that obtained by PPR/BPN at y = 0, and
about half of that obtained by NLPCR at y = 1, thus
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Fig. 11. Projected input-output space for most general NLCR model of polymerization example at 7 = 0.1. (O) Training

data; ( x ) testing data; ( + ) basis function.

illustrating the improved modeling by NLCR as com-
pared to modeling by existing methods based on
linear projection. The training and testing data and
basis function for the best model for y = 0.1 are shown
in Fig. 11. Several samples in this projected input—
output space are quite far from the main cluster of
data, indicating that they may be outlying observa-
tions, as discussed by DeVeaux et al. (1993). The
NLCR method may be made less sensitive to outlying
observations by replacing its objective functions by
their robust counterparts.

7. Conclusions and discussion

This paper describes the unification of empirical
modeling methods that combine the inputs by linear
projection before application of the basis functions.
The unification is based on the insight provided by the
common framework for neural and statistical empiri-
cal modeling methods (Bakshi and Utojo, 1998). The
result is a new empirical modeling method called
nonlinear continuum regression (NLCR) that sub-
sumes existing methods based on linear projection
including, OLS, PLS, PCR, BPN, PPR, NLPLS, and
NLPCR. The NLCR model utilizes a common tech-
nique for determining basis functions of any shape in
the projected input-output space, a general objective
function for all methods based on linear projection,
and an efficient hierarchical training methodology.
The basis functions are determined by univariate
smoothing methods such as, variable span smoothers,
splines and polynomials. The common objective func-

tion introduces a new adjustable parameter, y, to span
the continuum of methods from NLPCR to PPR.
Existing methods based on linear projection may be
obtained by setting y to 0 for PPR, BPN and OLS, to
0.5 for NLPLS and PLS, and to 1 for NLPCR and
PCR. The NLCR parameter, 7, complements the ef-
fect of the number of basis functions on the bias of the
empirical model. This additional degree of freedom
for optimizing the bias-variance trade-off results in
models that are more general and more compact than
those obtained by existing methods based on linear
projection. Thus, NLCR is able to automatically se-
lect the best method based on linear projection for
a given task without requiring arbitrary or subjective
decisions by the user.

An efficient hierarchical training method is de-
veloped for NLCR that trains one node at a time. The
efficiency and convergence to local minima of NLCR
modeling may be addressed by initializing the model
parameters based on results at adjacent values of 7.
The NLCR methodology is illustrated by empirical
modeling of data from synthetic and industrial exam-
ples. These examples indicate that the NLCR tech-
nique can be applied to any empirical modeling prob-
lem, to obtain better models than those obtained by
existing methods based on linear projection. The be-
nefits of NLCR models are likely to be most signifi-
cant for problems where the variables are related to
each other, and limited quantities of training data are
available. Application of NLCR to a variety of empiri-
cal modeling problems of practical and theoretical
interest, and more efficient methods for selecting the
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best value of y are currently being explored. Since
empirical models are essential for several engineering
tasks, this unified modeling method is likely to be
useful beyond the area of chemical process operation
and control.

Empirical modeling by methods based on linear
projection is known to suffer from several disadvan-
tages such as, extrapolation outside the region of
available data without warning, and computationally
expensive adaptation to new data. These shortcom-
ings are due to the nonlocal nature of the projection
hyperplane and may be overcome by local methods
based on nonlinear projection that project the data on
a localized hypersurface such as, clustering methods,
radial basis function networks, and wavelet networks.
The approach for unifying empirical modeling
methods based on linear projection presented in this
paper and the insight provided by the common frame-
work for empirical modeling methods may be used for
unifying local methods based on nonlinear projection
by developing the appropriate common objective
function and training methodology. Development of
such a unified technique is expected to provide better
models than existing methods for classification prob-
lems such as fault diagnosis, and further reduce the
arbitrariness in selecting the appropriate method for
a given task.
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Nomenclature

E input residual matrix

I number of measurements

J number of inputs

K number of outputs

M number of nodes

0 order of Hermite polynomial

T output residual vector approximated by
mth node

X approximated input

Xij element of X

X; Jjth column of X

x7 ith row of X

X input or predictor variables matrix, I x J

¥ approximated output

Y output or response variables matrix, I x K

Zn mth latent variable vector

Z latent variables matrix, I x M

O jm input edge weight or projection directions
connecting jth input to mth node

o projection directions matrix, J x M

1877

Bok output edge weight connecting mth node to
kth output

¥ NLCR objective function parameter

[ input transformation function in mth node

0, mth node or basis function

il Sum of the squares of each element in the
argument vector
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Appendix

Theorem. The projection directions, o, obtained by

minimizing the mean-squares error of approximation,
1 d

H}(:In T iZl (yi = 9

are identical to those obtained by maximizing the

square of the correlation between the model output and

basis function output,

max {corr?(y, 0,,(Xa,))},
where, ' is given by equation (1).

Proof: Consider each basis function as fitting the re-
sidual output error of approximation, y. Then, from

B.R. BaksHI and U. UTtoJo

equation (1), the mean-squares error is

1 ] J 2
= 7,~Z‘1 |:y,- - [3,"(),,1(]2:1 ozj,,,x,»j>:| . (A

Represent the basis function output for the ith set of
measurements as,

- 0m< z a/m‘u)

Taking the partial derivative of the mean-squares
error given by equation (A1) with respect to o,

(A2)

de !
3 = _Z ﬂ m

jm Jm

=23 (yi = BuC)) ( — )

O jmy
¢C; ] (A3)
[& ajm

0C; C
- - 2&{; Vg X Ci

Equating the partial derivative of the mean-squares
error to zero gives

Gl

("ijm

oC;
, i g .
I:Z—h(/“jm [MZCI
The squared of the correlation may be written as

(2]
(®)(xe)

Taking the partial derivative of equation (AS5) with
respect to o, gives

(Ad)

rF =

(A5)

or Z ine

" S zcz[ Ty

ZZ yiCi

- Rl
R S Y aeeniay &
R 'ax,m} (A6)
Substituting
Zy.c.
Bu=(CTO)"'CT

Yo

in equation (A6) and equating the derivative to zero

yields,
[Z Vi i A :| =0

which is identical to equation (A4), indicating that at
their extrema, equations (9) and (10} will vield the
same projection directions.




